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The correlation between instantons and QCD-monopoles is studied both in the lattice gauge theory and in
the continuum theory. An analytical study in the Polyakov-like gauge, where A4(x) is diagonalized, shows that
the QCD-monopole trajectory penetrates the center of each instanton, and becomes complicated in the multi-
instanton system. Using the SU(2) lattice with 164, the instanton number is measured in the singular (monopole-
dominating) and regular (photon-dominating) parts, respectively. The monopole dominance for the topological
charge is found both in the maximally abelian gauge and in the Polyakov gauge.
1. Introduction
QCD is reduced to an abelian gauge theory
with magnetic monopoles (QCD-monopoles) by
the abelian gauge fixing through the diagonal-
ization of a gauge dependent variable X(x) [1].
The QCD-monopole appears from the hedgehog
configuration on X(x) corresponding to the non-
trivial homotopy group pi2(SU(Nc)/U(1)
Nc−1) =
ZNc−1
∞
, and its condensation plays an essential
role to the nonperturbative QCD [2]. The instan-
ton is also an important topological object relat-
ing to UA(1) anomaly, and appears in the Eu-
clidean 4-space corresponding to pi3(SU(Nc)) =
Z∞. We study the correlation between instantons
and QCD-monopoles both in the lattice theory [3]
and in the analytical framework [4].
Recent lattice studies [2] indicate the abelian
dominance for the nonperturbative quantities in
the maximally abelian (MA) gauge and/or in
the Polyakov gauge. If the system is completely
described only by the abelian field, the instan-
ton would lose the topological basis for its ex-
istence, and therefore it seems unable to sur-
vive in the abelian manifold. However, even in
the abelian gauge, nonabelian components re-
main relatively large around the QCD-monopoles,
which are nothing but the topological defects,
so that instantons are expected to survive only
around the QCD-monopole trajectories in the
abelian-dominant system. The close relation be-
tween instantons and QCD-monopoles are thus
suggested from the topological consideration.
2. Analytic Calculation
First, we demonstrate a close relation between
instantons and QCD-monopoles within the con-
tinuum theory [4]. Using an ambiguity on X(x)
in the abelian gauge fixing, we choose X(x) =
A4(x) to this end. This abelian gauge diago-
nalizing A4(x) will be called as the Polyakov-like
gauge, where the Polyakov loop P (x) is also diag-
onal. Since A4(x) takes a hedgehog configuration
around each instanton, the QCD-monopole tra-
jectory should pass through the center of instan-
tons inevitably in the Polyakov-like gauge. We
show this relation in the SU(2) gauge theory be-
low.
Using the ’t Hooft symbol η¯aµν , the multi-
instanton solution is written as
Aµ(x) = iη¯aµν
τa
2
∂ν ln
(
1 +
∑
k
a2k
|x− xk|2
)
, (1)
where xµk ≡ (xk, tk) and ak denote the center co-
ordinate and the size of k-th instanton, respec-
tively. Near the center of k-th instanton, A4(x)
takes a hedgehog configuration,
A4(x) ≃ i
τa(x− xk)
a
|x− xk|2
. (2)
2In the Polyakov-like gauge, A4(x) is diagonalized
by a singular gauge transformation, which leads
to the QCD-monopole trajectory on A4(x) = 0:
x ≃ xk. Thus, the center of each instanton is
penetrated by a QCD-monopole trajectory with
the temporal direction in the Polyakov-like gauge
[4]. In other words, instantons only live along the
QCD-monopole trajectories.
Here, we refer the magnetic charge of the QCD-
monopole. In general, the abelian gauge fixing
consists of two sequential procedures. One is the
diagonalization of X(x): X(x) → Xd(x). The
other is the ordering of the diagonal elements of
Xd(x), e.g., X
1
d ≥ X
2
d ≥ ... ≥ X
Nc
d . The gauge
group SU(Nc) is reduced to U(1)
Nc−1 × PNc by
the diagonalization of X(x), and is reduced to
U(1)Nc−1 by the ordering condition on Xd(x).
The magnetic charge of the QCD-monopole is
closely related to the ordering condition in the
diagonalization in the abelian gauge fixing. For
instance, in the SU(2) case, the hedgehog configu-
ration asX(x) ∼ (x·τ) and the anti-hedgehog one
as X(x) ∼ −(x·τ) provide a QCD-monopole with
an opposite magnetic charge respectively, because
they are connected by the additional gauge trans-
formation Ω = exp{ipi(τ1 cosφ+τ2 sinφ)}, which
interchanges the diagonal elements of Xd(x) and
leads a minus sign in the U(1)3 gauge field.
For the single-instanton system, the QCD-
monopole trajectory xµ ≡ (x, t) is simply given
by x = x1 (−∞ < t <∞) at the classical level.
For the two-instanton system, two instanton
centers can be located on the zt-plane without
loss of generality, so that one can set x1 = y1 =
x2 = y2 = 0. Owing to the symmetry of the
system, QCD-monopoles only appear on the zt-
plane, and hence one has only to examine A4(x)
on the zt-plane by setting x = y = 0. In this
case, A4(x) in Eq.(1) is already diagonalized on
the zt-plane: A4(x) = A
3
4(z, t)τ
3. Therefore, the
QCD-monopole trajectory xµ = (x, y, z, t) is sim-
ply given by A34(z, t) = 0 and x = y = 0. How-
ever, the QCD-monopole trajectories are rather
complicated even at the classical level in the two-
instanton system. According to the parameters
xk, ak (k = 1, 2), the QCD-monopole trajectory
has a loop or a folded structure as shown in Fig.1
(a) or (b), respectively. Here, the QCD-monopole
trajectories originating from instantons are very
unstable against a small fluctuation relating to
the location or the size of instantons.
The QCD-monopole trajectory tends to be
highly complicated and unstable in the multi-
instanton system even at the classical level, and
the topology of the trajectory is often changed
due to a small fluctuation of instantons. In addi-
tion, the quantum fluctuation would make it more
complicated and more unstable, which leads to
appearance of a long complicated trajectory as a
result. Thus, instantons may contribute to pro-
mote monopole condensation, which is signaled
by a long complicated monopole loop in the lat-
tice QCD simulation [2].
We also study the thermal instanton system in
the Polyakov-like gauge. At high temperature,
QCD-monopole trajectories tend to be reduced
to simple straight lines penetrating instantons in
the temporal direction, which may corresponds to
the deconfinement phase transition through the
vanishing of QCD-monopole condensation.
Figure 1. Examples of the QCD-monopole tra-
jectory in the two-instanton system with (a)
(z1, t1) = −(z2, t2) = (1, 0.05), a1 = a2 and (b)
(z1, t1) = −(z2, t2) = (1, 0), a2 = 1.1a1.
3For the thermal two-instanton system, the topol-
ogy of the QCD-monopole trajectory is drasti-
cally changed at Tc ≃ 0.6d
−1, where d is the dis-
tance between the two instantons. If one adopts
d ∼ 1fm as a typical mean distance between
instantons, such a topological change occurs at
Tc ∼ 120MeV.
3. Instanton and Monopole on Lattice
We study the correlation between instantons
and QCD-monopoles in the maximally abelian
(MA) gauge and in the Polyakov gauge using the
SU(2) lattice with 164 and β = 2.4. All measure-
ments are done every 500 sweeps after a thermal-
ization of 1000 sweeps using the heat-bath algo-
rithm. After generating the gauge configurations,
we examine the monopole dominance [2,3] for the
topological charge using the following procedure.
1) The abelian gauge fixing is done by diagonaliz-
ing R(s) =
∑
µ Uµ(s)τ
3U−1µ (s) in the MA gauge,
or the Polyakov loop P (s) in the Polyakov gauge.
2) The SU(2) link variable Uµ(s) is factorized as
Uµ(s) = Mµ(s)uµ(s) with the ‘off-diagonal’ fac-
tor Mµ(s) ≡ exp{iτ
1C1µ(s) + iτ
2C2µ(s)} and the
abelian link variable uµ(s) = exp{iτ3θµ(s)}.
3) The abelian field strength θµν ≡ ∂µθν−∂νθµ is
decomposed as θµν(s) = θ¯µν(s) + 2piMµν(s) with
−pi < θ¯µν(s) < pi and Mµν(s) ∈ Z [5]. Here,
θ¯µν(s) and 2piMµν(s) correspond to the regular
photon and the Dirac string, respectively
4) The U(1) gauge field θµ(s) is decomposed as
θµ(s) = θ
Ph
µ (s) + θ
Ds
µ (s) with a regular part
θPhµ (s) and a singular part θ
Ds
µ (s), which are ob-
tained from θ¯µν(s) and 2piMµν(s), respectively,
using the lattice Coulomb propagator in the Lan-
dau gauge [2,5]. The singular part carries almost
the same amount of magnetic current as the origi-
nal U(1) field, whereas it scarcely carries the elec-
tric current. The situation is just the opposite in
the regular part. For this reason, we regard the
singular part as ‘monopole-dominating’, and the
regular part as ‘photon-dominating’ [3].
5) The corresponding SU(2) variables are
reconstructed from θPhµ (s) and θ
Ds
µ (s) by
multiplying the off-diagonal factor Mµ(s) :
UPhµ (s) = Mµ(s) exp{iτ3θ
Ph
µ (s)} and U
Ds
µ (s) =
Mµ(s) exp{iτ3θ
Ds
µ (s)}.
6) The topological chargeQ =
∫
d4x
16pi2
tr(GµνG˜µν),
the integral of the absolute value of the topolog-
ical density IQ ≡
∫
d4x
16pi2
|tr(GµνG˜µν)|, and the
action S are calculated by using Uµ(s), U
Ph
µ (s)
and UDsµ (s). Then, three sets of quantities are
obtained, {Q(SU(2)), IQ(SU(2)), S(SU(2))} for
the full SU(2) variable, {Q(Ph), IQ(Ph), S(Ph)}
for the regular part, and {Q(Ds), IQ(Ds), S(Ds)}
for the singular part. Here, IQ has been intro-
duced to get information on the instanton and
anti-instanton pair.
7) The correlations among these quantities are
examined using the Cabibbo-Marinari cooling
method.
Figure 2. Correlations between (a) Q(Ds) and
Q(SU(2)) at 80 cooling sweeps, (b) Q(Ph) and
Q(SU(2)) at 10 cooling sweeps.
4We prepare 40 samples for the MA gauge
and the Polyakov gauge, respectively. These
simulations have been performed on the Intel
Paragon XP/S(56node) at the Institute for Nu-
merical Simulations and Applied Mathematics of
Hiroshima University. Since quite similar results
have been obtained in the MA gauge [3] and in
the Polyakov gauge, only latter case is shown.
Fig.2 shows the correlation among Q(SU(2)),
Q(Ds) and Q(Ph) after some cooling sweeps in
the Polyakov gauge. A strong correlation is found
between Q(SU(2)) and Q(Ds), which is defined
in singular (monopole-dominating) part. Such
a strong correlation remains even at 80 cooling
sweeps. On the other hand, Q(Ph) quickly van-
ishes only by several cooling sweeps, and no cor-
relation is seen between Q(Ph) and Q(SU(2)).
Figure 3. Cooling curves for (a) Q(SU(2)),
IQ(SU(2)), S(SU(2)), (b) Q(Ds), IQ(Ds), S(Ds),
(c) Q(Ph), IQ(Ph), S(Ph).
We show in Fig.3 the cooling curves for Q, IQ
and S in a typical example with Q(SU(2)) 6= 0
in the Polyakov gauge. Similar to the full SU(2)
case, Q(Ds), IQ(Ds) and S(Ds) in the singular
(monopole-dominating) part tends to remain fi-
nite during the cooling process. On the other
hand, Q(Ph), IQ(Ph) and S(Ph) in the regular
part quickly vanish by only less than 10 cooling
sweeps. Therefore, instantons seem unable to live
in the regular (photon-dominating) part, but only
survive in the singular (monopole-dominating)
part in the abelian gauges.
The cooling curves for Q, IQ and S are ex-
amined in the case with Q(SU(2)) = 0. Simi-
lar to the full SU(2) case, IQ(Ds) and S(Ds) de-
crease slowly and remain finite even at 70 cooling
sweeps, which means the existence of the instan-
ton and anti-instanton pair in the singular part.
On the other hand, IQ(Ph) and S(Ph) quickly
vanish, which indicates the absence of such a
topological pair excitation in the regular part.
In conclusion, the monopole dominance for
the topological charge is found both in the MA
gauge and in the Polyakov gauge. In particu-
lar, instantons would survive only in the singu-
lar (monopole-dominating) part in the abelian
gauges, which agrees with the result in our pre-
vious analytical study. The monopole dominance
for the UA(1) anomaly is also expected.
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